The determination of the function spaces X which are intermediate in the weak sense between L p and L q has been shown, by the author, to depend on a pair of numbers (a, β) called the indices of the space. The indices depend on the function norm of X and on the properties of the underlying: measure space: whether it has finite or infinite measure, is non-atomic or atomic. In this paper, formulas are given for the indices of an Orlicz space in case the measure space is non-atomic with finite or infinite measure, or else is purely atomic with atoms of equal measure. The indices for an Orlicz space over a non-atomic finite measure space turn out to be the reciprocals of the exponents of the space as introduced by Matuszewska and Orlicz, and generalized by Shimogaki. Some new results concerning submultiplicative functions are used in the proof of the main result.
DEFINITIONS AND MAIN RESULT. We suppose that (ί2, ^ μ) is a measure space which is measure-theoretically isomorphic to one of the following three possibilities: the positive reals R + with Lebesgue measure, the interval / = [0, 1] with Lebesgue measure or the positive integers Z + with counting measure. We shall denote these standard spaces by Si with ί = 0, 1, 2 for R + , I and Z + respectively. We shall write 42* = S t if (Ω, ^ μ) is isomorphic to S t .
Suppose that p is a rearrangement-invariant function norm on the measurable functions ^f(Ω, ^ μ) on (Ω, ^~, μ), (see [2] ). Then for each measurable /, p(f) = σ(f*) where /* is the decreasing rearrangement of / onto R + , and σ is a rearrangement invariant norm on R + . We define EJ* by EJ*(t) = f*(st) for 0 < s < oo, and then let
It is known that the following limits exist (see Lemma 1, below) We use the definition of Orlicz space given in [5] . Thus, let φ-be a right-continuous nondecreasing function on [0, co] and let ψ be its left-continuous inverse. Then the functions Φ and Ψ defined by 
The space L φ (β, J^ μ> is the subspace of ^f (Ω, ^7~, μ) determined by the function norm p φ , and its dual space (in the sense of function spaces) is isomorphic to U.
We shall write a { (Φ) = a(σ φ , Si) (i = 0, 1, 2). And similarly for β. Note that the indices of a space X are invariant under isomorphism and that if {a\ β r ) are the indices of the dual space of L p , then (a\ β') = (1 -β, 1 -a) (see [2] ). The case i ~ 0 of the following theorem was proved in [1] .
S-+oo PRELIMINARY LEMMAS. 
LEMMA 1. (a). Suppose that h is a positive function which satisfies h(st) ^ h{s)h(t) for all s

a(h) = lim θ(s) and β(h) = lim θ(s) .
S-*0+ S-*oo {b) Suppose h is positive and monotone and satisfies h(mn) rg h(m)h(n)
for m, n in Z + . Let θ(n) = -log h(ri)/logn, and
Proof. The proof of (a) is in [1] , and that of (b) is in [3] . Note that the extra condition in (b), that h be monotone, is needed; otherwise, one could define h(p) to be an arbitrary positive number for each prime p, and then if n = pl 
Define Δ{t, s) -f(st)/f(t).
Let m be a positive integer, and s be fixed >1. Then there is a t m so that
Using (1),
Note that, for any t, 
*-~ f(t) «->-f(n)
Then h 2 (s) ^ h,(s) ^ Λ 2 (s±) , where the upper (lower) sign is used if f is increasing (decreasing) r and β(h 2 ) = β(K) .
Proof. Clearly h 2 (s) ^ h^s).
We treat the case that / is decreasing. Clearly β(h 2 ) = /S^) follows from these inequalities.
Proof of the Theorem, i = 0. This was proved in [1] , Theorem 5.5. In fact, in this case, h(s) = g o (s) for all s. i = 1. We prove first that β x {Φ) is as in the statement of the theorem. Then we use a x {φ) = 1 -&0P"), and the well-known inequality:
to show that the expression for a t {Φ) is as stated. (For the inequality see [4] , p. 13). Let us thus take s > 1. We recall that if E is a set of measure u and χ E is its characteristic function, then χ% = χ[0, u] = χ β , and ), so that
We define the latter quantity to be k(s). Then (4) implies Assume now that Φ is strictly increasing. We leave the other cases to the reader.
By definition of k(s),
Thus,
and so
Given 0 <feL φ (I) with / decreasing let Then from (5),
Hence, for s ^ 2, (6) implies that
Jo Thus, which proves that
.
i -2. According to Lemma 4 of [2] , if F m is the operator on sequences {f(n)} given by 
0T
hen, as in (5) above we obtain
Observe that, if 0 ^feL φ , and k is fixed, then f(k)χ {k] (ri) ^f(ri) for all n = 1, 2, so that
Hence, if ρ φ (/) <* 1, we have from (7) that m-*oo = lim -log g 2 (s)/log s .
8-*0 +
As in the case i = 1, we can obtain the result for β 2 (Φ) from this and the inequality (3).
REMARK. One can relate the functions ft(s) to the functions K^s) which are given by
whenever these make sense (e.g., if Φ is strictly increasing).
In fact Ki is left-continuous and increasing and its right continuous inverse is I/ft. Formally this is clear, since if we let
for any t > 0, then θ t is convex and increasing and so that 0-1(ί) (s) = Φ~\st)IΦ~\t) Thus we would expect inf 0jii (l) (8) and similarly for lim inf as t -• 0+ or ί -» oo. This intuitive argument can be justified as is done in [1] for the special case i = 0. This shows that if σ φ , s φ are the exponents defined in [6] and [7] for the case that Ω = [0,1], then a t = l/s φ , β 1 -l/σ φ .
EXAMPLE.
Let φ(t) = e * -t -1 , t ^ 0 ψ(t) = (1 + t) log (1 + t) , ί ^ 0 . 
